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We present a method for the global classiﬁcation of dynamical sys-
tems based on a speciﬁc decomposition of their vector ﬁelds. Every
differentiable vector ﬁeld on Rn can be decomposed uniquely in
the sum of 2 systems: one gradient and one that leaves invari-
ant the spheres Sn−1. We show that, under some conditions, the
topological class of a vector ﬁeld is determined by the topological
classes of its summands. We illustrate this method by applying it
to a number of vector ﬁelds, among them being some members of
the so-called Lorenz family. The advantage of such a classiﬁcation
is that equivalent ﬂows exhibit qualitatively the same dynamical
phenomena as their parameters are varied.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
The classiﬁcation of dynamical systems according to the topological properties of their orbits is a
delicate task. In dimensions 1 and 2 the problem has been largely solved (see for example [5,10,15]
and references therein), while for dimension 3 a procedure based on knot theory has been proposed
which turns out to be quite fruitful (yet provides no conclusive answer to the problem, see [9] for
details). Thus, for dimensions greater than 2 the problem is still quite open.
In this paper, we focus our attention on a decomposition technique, introduced in [11]. Every
differentiable dynamical system deﬁned on Rn can be decomposed in the sum of two subsystems in
such a way that one of them is a gradient ﬁeld and the other leaves invariant the spheres Sn−1 of Rn .
Since this decomposition is unique, the natural question arises whether the topological properties of
the two components uniquely deﬁne the topological properties of the system as a whole.
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components. The problem of classifying vector ﬁelds is therefore elucidated by following an approach
where one does not have to study the full system of interest, but its simpler components. As an
application of this technique, we study the equivalence (or not) of some well-known ﬂows.
This paper is organized as follows: In Section 2 we review the decomposition method introduced
in [11] and apply it to a number of 3-dimensional systems, writing each one of them as the sum of
a gradient and a sphere-preserving vector ﬁeld. We then prove, in Section 3, that this decomposition
allows us to draw deﬁnite conclusions about the equivalence of dynamical systems by comparing their
corresponding subsystems.
Next, in Section 4, we recall some facts about systems that leave invariant spheres in their phase
space and derive results about their ﬁxed point sets. We then discuss how these ﬁxed point sets
can be used to distinguish two systems of this kind. In Section 5, we compare the dynamics of the
gradient and sphere-preserving parts of some vector ﬁelds to establish their global topological equiv-
alence. In particular, members of the Lorenz-like family are found to be topologically equivalent, in
agreement with other results in the literature [8,18].
Finally we apply our method to a more recently introduced system due to Wang et al. [16], and
a generalization of it, which are not equivalent to the Lorenz family and ﬁnd explicit differences in
their dynamics. The last section contains the conclusions of our work.
2. Splitting of vector ﬁelds
In [11] the following is proven:
Theorem 2.1 (Presnov). For any continuously differentiable map f :Rn →Rn there is a unique decomposition
( f : ϕ,u,Rn): f (x) = ∇ϕ(x) + u(x), x ∈Rn, such that x · u(x) = 0 and ϕ(0) = 0.
The condition x · u(x) = 0 in this theorem means that the vector ﬁeld u(x) is tangent to all the
spheres, having the origin as center, of Rn (in what follows we shall call such systems sphere-
preserving) while ϕ(x) is obviously a potential function for the other part of the original system.
The proof of this theorem is constructive and allows one to split, in the above way, every vector ﬁeld
of class C1. In summary this construction, as described in [11], proceeds as follows:
If f : Rn → Rn is the vector ﬁeld we wish to decompose, we deﬁne the function v : Rn → R,
x → x · f (x). The potential function of the ﬁrst subsystem is ϕ :Rn →R, x → ∫ 10 1τ v(τ x)dτ , while the
subsystem leaving invariant the spheres is obtained as f (x) − ∇ϕ(x).
Let us illustrate this procedure on the well-known 3-dimensional systems due to Lü, Lorenz and
Chen, since we will need their decomposition in the next sections.
Example 1. Lü’s system [13] is deﬁned by the vector ﬁeld
XLu = (ay − ax) ∂
∂x
+ (−xz + cy) ∂
∂ y
+ (xy − bz) ∂
∂z
, (1)
and can be written, following the procedure described above, as the sum of
XLuG =
(
1
2
ay − ax
)
∂
∂x
+
(
1
2
ax+ cy
)
∂
∂ y
− bz ∂
∂z
, (2)
which is a gradient ﬁeld, with potential function
V :R3 →R, (x, y, z) → 1axy − 1ax2 + 1cy2 − 1bz2,
2 2 2 2
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XLuS = 1
2
ay
∂
∂x
+
(
−xz − 1
2
ax
)
∂
∂ y
+ xy ∂
∂z
. (3)
Example 2. The vector ﬁeld of Lorenz [2] reads:
XLorenz = σ(y − x) ∂
∂x
+ (x(ρ − z) − y) ∂
∂ y
+ (xy − bz) ∂
∂z
, (4)
and can be decomposed in two ﬁelds as follows: The gradient part
XLorenzG =
(
1
2
σ y − σ x+ 1
2
ρ y
)
∂
∂x
+
(
1
2
ρx+ 1
2
σ x− y
)
∂
∂ y
− bz ∂
∂z
, (5)
with potential function
V :R3 →R, (x, y, z) → 1
2
σ xy − 1
2
σ x2 + 1
2
ρxy − 1
2
y2 − 1
2
bz2,
and the one that leaves the spheres invariant
XLorenzS =
(
1
2
σ y − 1
2
ρ y
)
∂
∂x
+
(
1
2
ρx− xz − 1
2
σ x
)
∂
∂ y
+ xy ∂
∂z
. (6)
Example 3. Chen’s system [14] is deﬁned by
XChen = (ay − ax) ∂
∂x
+ ((c − a)x− xz + cy) ∂
∂ y
+ (xy − bz) ∂
∂z
, (7)
and is decomposed into the gradient part
XChenG =
(
−ax+ c
2
y
)
∂
∂x
+
(
1
2
cx+ cy
)
∂
∂ y
− bz ∂
∂z
, (8)
with potential function
V :R3 →R, (x, y, z) → 1
2
axy − 1
2
ax2 + 1
2
(c − a)xy + 1
2
cy2 − 1
2
bz2,
and the vector ﬁeld
XChenS = 2a − c2 y
∂
∂x
+
(
c − 2a
2
x− xz
)
∂
∂ y
+ xy ∂
∂z
, (9)
which leaves invariant the spheres.
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Let X (Rn) be the set of C1 vector ﬁelds deﬁned on the n-dimensional Euclidean space. In what
follows, we consider vector ﬁelds that possess a ﬂow deﬁned on the entire time axis.
Two vector ﬁelds X, Y ∈X (Rn) are said to be topologically equivalent if there exists a homeomor-
phism transforming oriented phase curves of X to oriented phase curves of Y . The vector ﬁelds are
called topologically conjugate if the homeomorphism respects not only the orientation of the orbits
but also their parametrization [5,10].
In light of the decomposition technique described in the previous section, we consider the follow-
ing problem: Let X, Y ∈X (Rn) and X = Xg + Xs , Y = Yg + Ys their decomposition in gradient Xg, Yg
and sphere-preserving parts Xs, Ys . If Xs is topologically conjugate to Ys and Xg is topologically con-
jugate to Yg , can we conclude that X is topologically conjugate to Y ? The answer to this question is
positive, under the assumptions explained below.
Theorem 3.1. Let X, Y ∈ X (Rn) and X = Xg + Xs, Y = Yg + Ys be their decomposition in the gradient and
sphere-preserving parts respectively. If Xs is topologically conjugate to Ys then X is topologically conjugate
to Y , provided that Xg, Yg possess a unique ﬁxed point, located at the origin, which is globally attracting (or
globally repelling).
Proof. We begin by observing that since Xg, Yg possess a unique ﬁxed point at the origin, then
X, Y also have a ﬁxed point there, since, by deﬁnition, the sphere-preserving systems always have a
singularity at that point. We therefore exclude the origin from our analysis for the time being.
Let V X , VY : Rn → R be the potential functions of the vector ﬁelds Xg, Yg and ϕX ,ϕY : R ×
R
n → Rn their corresponding (global) ﬂows. Let us suppose that the singularities at the origin of
Xg, Yg are globally attracting. We choose c1, c2 ∈ R such that the sets V X = c1, VY = c2, denoted by
ΣX ,ΣY respectively, do not contain the origin (this can always be achieved). In this case ΣX ,ΣY are
smooth submanifolds of codimension one in Rn and the mappings
F :R× ΣX →Rn \ {0},
(t,u) → ϕX (t,u)
and
G :R× ΣY →Rn \ {0},
(t, v) → ϕY (t, v)
are diffeomorphisms.
We consider the vector ﬁeld F ∗X (upper and lower stars denote pullback and pushforward opera-
tions respectively). In coordinates it is:
F ∗X(t,u) = ∂
∂t
+
[
∂ϕX
∂u
(
ϕX (t,u)
)]−1
Xs
(
ϕX (t,u)
) ∂
∂u
.
Similarly, we have:
G∗Y (t, v) = ∂
∂t
+
[
∂ϕY
∂v
(
ϕY (t, v)
)]−1
Ys
(
ϕY (t, v)
) ∂
∂v
.
The diffeomorphism G−1 ◦ F : R × ΣX → R × ΣY transforms F ∗X to the vector ﬁeld G∗X . We
calculate that:
G∗X(t, v) = Xg
Y
(t, v)
∂
∂t
+
[
∂ϕY
∂v
(
ϕY (t, v)
)]−1
Xs
(
ϕY (t, v)
) ∂
∂v
.
g
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class C1. Since it never vanishes or changes sign, this term is topologically conjugate to the constant
ﬁeld ∂
∂t by the identity homeomorphism.
Turning our attention to the ﬁelds
[
∂ϕY
∂v
(
ϕY (t, v)
)]−1
Ys
(
ϕY (t, v)
) ∂
∂v
and
[
∂ϕY
∂v
(
ϕY (t, v)
)]−1
Xs
(
ϕY (t, v)
) ∂
∂v
we see that they are topologically conjugate, since they are the ﬁelds Xs, Ys written in different
coordinates. There exists thus a homeomorphism h :R× ΣY →R× ΣY such that
h−1 ◦ (G∗X)τ ◦ h = (G∗Y )τ
⇒ h−1 ◦ G−1 ◦ Xτ ◦ G ◦ h = G−1 ◦ Y τ ◦ G
⇒ G ◦ h−1 ◦ G−1 ◦ Xτ ◦ G ◦ h ◦ G−1 = Y τ ,
where Xτ , Y τ stand for the ﬂows of X, Y respectively. We therefore deﬁne the mapping
K :Rn \ {0} →Rn \ {0}
by K (x) = G ◦h ◦G−1(x), which is a homeomorphism by construction that conjugates the vector ﬁelds
X and Y , when we view them as deﬁned on Rn \ {0}. To complete the proof, we extend it to the
origin (which is a common ﬁxed point for the two vector ﬁelds) by deﬁning K (0) = K−1(0) = 0. It
remains to prove the continuity at the origin of the mappings K , K−1.
Let x ∈ Rn such that ‖ x ‖< δ, for some δ > 0. Then, since the origin is globally attracting for Y g ,
G−1(x) = (t, v), where t > t0 for some t0 ∈ R. On the other hand, ∀	 > 0 there exists t0 ∈ R such
that ‖ G(t, v) ‖< 	 , ∀t ∈ R with t > t0, which proves the continuity of K at the origin. Similarly, the
continuity of K−1 at the origin may also be proven.
The case where the origin is globally repelling can be treated using the same method. 
Reversing the above procedure we obtain the following:
Corollary 3.2. Let X = Xg + Xs and Y = Yg + Ys be as above. If Xs is not topologically conjugate to Ys,
X and Y are not topologically conjugate, provided there is no f ∈ C1(Rn,R) such that f (x) = 0 for x = 0 and
Xs = f Ys.
Proof. Using the same notation as in the proof of Proposition 3.1, we consider the vector ﬁelds G∗Y
and G∗X . These are respectively the vector ﬁelds Ys, Xs on Rn \ {0}. The existence of a function f
such that Xs = f Ys would make possible a reparametrization of the t variable making G∗X and G∗Y
equivalent. Such reparametrization however is not acceptable if f vanishes. If such a function does not
exist, the non-conjugacy of Xs, Ys , implies that the original vector ﬁelds X and Y are not topological
conjugate either. 
A reparametrization of the R axis in the above construction allows us to use the same approach
to establish the existence of topological equivalences between vector ﬁelds.
Remark 3.3. One might be tempted to extend the result of Theorem 3.1 to the case where the origin
of the associated gradient system is of the saddle type. Unfortunately, however, in this case, one
can construct counterexamples implying that the assumptions of Theorem 3.1 are not suﬃcient for
topological equivalence.
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comparing the corresponding gradient and sphere-preserving summands. We shall use this technique
to classify globally some well-known vector ﬁelds in what follows.
4. Vector ﬁelds leaving invariant the spheres
The problem of classifying vector ﬁelds reduces thus to the problem of classifying gradient vector
ﬁelds and ﬁelds that leave invariant the spheres of their domain of deﬁnition. The topological study
of gradient vector ﬁelds has attracted a lot of attention (see [6] for the treatment of the local case)
and the existence of a potential function clearly simpliﬁes their study. We therefore turn our attention
now to vector ﬁelds preserving the spheres in their domain of deﬁnition.
We consider the set S(Rn), consisting of vector ﬁelds X deﬁned on Rn which satisfy the equation
X( f ) = 0, where f : Rn → R, x → 12 (x, x). The above condition ensures that these vector ﬁelds are
tangent to the spheres Sn−1a with equations
n∑
i=1
x2i = a, a ∈R+,
where {xi,1  i  n} are coordinates on Rn . As usual, we refer to members of S(Rn) as “sphere-
preserving” vector ﬁelds.
The local classiﬁcation of this kind of systems was completed, in the generic case, in [4]. We will
state here the basic necessary conditions for their global topological equivalence.
In the general case, the ﬁxed points of a sphere-preserving vector ﬁeld are not isolated, but form
smooth curves (this is just a restatement of the continuity of solutions of differential equations with
respect to parameters). More information about the global structure of the ﬁxed point set of such a
vector ﬁeld can be obtained if we compactify the phase space.
To this end, let us introduce the usual stereographic projection of the n-dimensional sphere (with-
out the north pole N) in the n-dimensional Euclidean space:
P : Sn \ N →Rn,
(x1, . . . , xn+1) →
(
x1
1− xn+1 , . . . ,
xn
1− xn+1
)
where we view Sn as the unit sphere of Rn+1 equipped with coordinates x1, . . . , xn+1. This projec-
tion is a diffeomorphism and can be used to lift a vector ﬁeld deﬁned on Rn to Sn . The obtained
vector ﬁeld on the sphere (usually called compactiﬁed ﬁeld on the Bendixson sphere, to differentiate
it from the compactiﬁcation procedure due to Poincaré, see [15]) is topologically equivalent to the
original one, with the exception of the north pole N , which is an additional ﬁxed point for the new
system [7].
The pullback of sphere-preserving vector ﬁelds on the Bendixson sphere Sn is tangent to the sub-
spheres that form the sphere. To clarify this, consider the Bendixson sphere Sn as the unit sphere of
the Euclidean space Rn+1, equipped with the coordinate functions {x1, x2, . . . , xn+1} and deﬁned by
the equation
n+1∑
i=1
x2i = 1. (10)
The intersections of this sphere with the planes xn+1 = c, c ∈ [−1,1], are nothing more than (n − 1)-
dimensional spheres of various radii, including, of course, the north and south poles. The pullback of
our dynamical system on the sphere Sn possesses, by construction, one ﬁxed point at each pole, and,
as we show below, is otherwise tangent to the spheres
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n+1∑
i=1
x2i = 1, xn+1 = c
}
, c ∈ (−1,1),
that constitute Sn .
Proposition 4.1. The orbits of the pullback on the Bendixson sphere of a vector ﬁeld belonging to S(Rn) lie on
the subspheres
{
n+1∑
i=1
x2i = 1, xn+1 = c
}
, c ∈ [−1,1],
of the Bendixson sphere.
Proof. The 1-form that deﬁnes the foliation of spheres on Rn is ω =∑ni=1 xi dxi and its pullback, via
the stereographical projection P on Sn ⊂Rn+1 is expressed by
P∗ω =
n∑
i=1
(
xi
(1− xn+1)2 dxi +
x2i
(1− xn+1)3 dxn+1
)
which is closed, as it is the pullback of a closed form. The function whose differential equals P∗ω is
given by
f :Rn+1 →R,
(x1, . . . , xn+1) → 1
2
n∑
i=1
x2i
(1− xn+1)2
and ∀k ∈R the set f −1(k) is deﬁned by the equation
xn+1 = 2k − 1
2k + 1 .
This is a foliation by the horizontal leaves xn+1 = c and we can extend it smoothly to the north and
south pole by considering also the planes xn+1 = −1, xn+1 = 1. Since the pullback of our vector ﬁeld
on Sn is a ﬁeld tangent to this foliation, its orbits are restricted to lie in the intersection of these
planes with the Bendixson sphere. 
A vector ﬁeld in S(Rn) possesses a number of smooth curves as its ﬁxed point set (in the generic
case) and its pullback via the stereographic projection on the Bendixson sphere will have, as its ﬁxed
point set, a ﬁnite link of embedded circles.
The number of components of this link is the most important invariant of our vector ﬁeld, i.e., in
order for two such systems to be topologically equivalent, their ﬁxed point sets must consist of the
same number of components. In dimension 3, not only the number of the components but also their
linking properties can be used as invariants of the vector ﬁeld [9].
This invariant will be useful to us in the analysis that follows.
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We illustrate now the classiﬁcation method proposed by applying it to speciﬁc examples.
The ﬁrst example concerns ﬂows on the plane. According to the Marcus–Neumann theorem [1,3]
the complete separatrix skeleton of such a (continuous) ﬂow is a complete invariant, in case the ﬂow
possesses a ﬁnite number of singularities. The analytic calculation of this skeleton however may prove
to be quite challenging. Our approach overcomes this problem.
Let us see how this is achieved by considering the following 2-dimensional vector ﬁelds:
X = (−x− y) ∂
∂x
+ (−y + x) ∂
∂ y
and Y = (−y3 − x3) ∂
∂x
+ (x3 − y3) ∂
∂ y
.
It is easy to establish the next:
Proposition 5.1. The vector ﬁelds X, Y are topologically equivalent.
Proof. The gradient parts of these two ﬁelds are:
Xg = −x ∂
∂x
− y ∂
∂ y
and Yg =
(
−1
4
y3 − x3 + 3
4
x2 y
)
∂
∂x
+
(
−3
4
xy2 + 1
4
x3 − y3
)
∂
∂ y
,
and possess a unique and globally attracting singularity at the origin. The sphere-preserving parts,
namely
Xs = −y ∂
∂x
+ x ∂
∂ y
and Ys =
(
−3
4
y3 − 3
4
x2 y
)
∂
∂x
+
(
3
4
x3 + 3
4
xy2
)
∂
∂ y
,
have a unique ﬁxed point, located at the origin, and the identity mapping of the plane deﬁnes an
equivalence between them. Thus the vector ﬁelds X, Y are globally topologically equivalent. 
This classiﬁcation procedure is also useful to the (global) qualitative analysis of systems in any
dimension. Let us illustrate that on the D2 system, deﬁned on R3 as
XD2 = (ax+ yz) ∂
∂x
+ (by + xz) ∂
∂ y
+ (z − xy) ∂
∂z
,
where a,b are real parameters. For a global study of this we refer to [19]. Here we show, using a
different approach, that no bifurcations occur in the ﬁrst quadrant of the parameter space.
Proposition 5.2. Let ai,bi > 0, i = 1,2. The vector ﬁeld XD2 , for parameter values (a,b) = (a1,b1) is topo-
logically equivalent to the vector ﬁeld XD2 for parameter values (a,b) = (a2,b2).
Proof. For a,b > 0 the gradient part of the vector ﬁeld XD2, that is, the ﬁeld
XD2g =
(
ax+ 1
3
yz
)
∂
∂x
+
(
by + 1
3
xz
)
∂
∂ y
+
(
z + 1
3
xy
)
∂
∂z
,
possesses a unique, located at the origin, globally repelling singularity. On the other hand, its sphere-
preserving part, namely
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3
yz
∂
∂x
+ 2
3
xz
∂
∂ y
− 4
3
xy
∂
∂z
depends on no parameters, which proves our statement. 
Let us continue our study with the Lorenz, Chen and Lü systems (see Section 2). As has been
observed in [8,17,18], the qualitative behavior of these systems is quite similar, and they are said to
belong to the so-called Lorenz-like family.
Here we shall compare these systems by analyzing their gradient and sphere-preserving parts,
expecting that the results of our study will verify the equivalence of their dynamics. Recall that,
according to their decomposition given in Section 2, the gradient parts of these systems (2), (5), (8)
are linear, thus possess a unique ﬁxed point at the origin.
Proposition 5.3. The Lü system, for b < 0, c > 0, a < 0, a > −4c, is topologically equivalent to the Chen
system, for b < 0, c > 0, a < 0, c < −4a.
Proof. As is easily conﬁrmed, the gradient components of the Lü and Chen systems, for the parameter
values stated above, possess a unique and globally repelling singularity, located at the origin.
The sphere-preserving part (3) of the Lü system possesses two lines of equilibria, namely (0,0, z)
and (x,0, −a2 ). Let a < 0. Simple computations allow us to deduce that when the radius of the sphere
is less or equal to |a|2 the restriction of system (3) on the sphere possesses a center at each pole,
surrounded by closed orbits, while, when the radius increases above |a|2 , the south pole becomes a
saddle, whose two homoclinic orbits surrounding the two new centers appear at (x,0,− a2 ). The case
a > 0 is equivalent to the one just described.
Turning our attention to the sphere-preserving part of the Chen system (9) we easily conﬁrm that
the above analysis also holds for this system, the only difference being the critical value of the radius
for which the bifurcation happens.
It follows from Marcus–Neumann theorem that system (3), when restricted to the sphere of radius
r > 0, is topologically equivalent to system (6), when restricted to the sphere of radius r′ > 0 (the
correspondence r → r′ is continuous). The existence of a homeomorphism deﬁned on R3 transform-
ing oriented phase curves of the one system to oriented phase curves of the other system is now
guaranteed.
Since, for these choices of parameters, the conditions of Theorem 3.1 are fulﬁlled, our result fol-
lows. 
Using the exact same approach we have the following:
Proposition 5.4. The Lü system, for b > 0, c < 0, a > 0, a < −4c, is topologically equivalent to the Chen
system, for b > 0, c < 0, a > 0, c > −4a and to the Lorenz system, for b > 0, (ρ + σ)2 < 4σ .
Let us now study another 3-dimensional system deﬁned by:
XB =
(
a(y − x) + dyz) ∂
∂x
+ (cy − xz) ∂
∂ y
+ (−bz + xy) ∂
∂z
, (11)
which is a generalization of a system proposed in [16]. Setting d = −a/4c yields a system with three
ﬁxed points, namely (0,0,0), (−√bc,−2√bc,2c), (√bc,2√bc,2c), just as in the case of the Lorenz
family, and results on their equivalence are not so immediate to obtain.
The gradient part of the new system is nonlinear:
XBG =
(
1
2
ay − ax− a
12c
yz
)
∂
∂x
+
(
1
2
ax+ cy − a
12c
xz
)
∂
∂ y
+
(
−bz − a
12c
xy
)
∂
∂z
, (12)
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preserving part on the Bendixson sphere is composed of three circles:
{
x21 + x22 + x23 + x24 = 1, x1 = x2 = 0
}
,{
x21 + x22 + x23 + x24 = 1, x1 = 0, x3 = 3c − 3cx4
}
,{
x21 + x22 + x23 + x24 = 1, x2 = 0, x3 =
6ac
12c − a (1− x4)
}
.
We shall use the presence of three ﬁxed point circles in this link to demonstrate the non-equivalence
of this ﬁeld with those of the Lorenz-like family, since the ﬁxed point link of the pullback on the
Bendixson sphere of, say, the sphere-preserving part of Lorenz system (6) possesses a ﬁxed point set
consisting of only two circles:
{
x1 = x2 = 0, x21 + x22 + x23 + x24 = 1
}
,{
x2 = 0, x3 = (ρ − σ)(1− x4)
2
, x21 + x22 + x23 + x24 = 1
}
.
Proposition 5.5. System (11), for b > 0, c < 0, a > 0, a < −4c (b < 0, c > 0, a < 0, a > −4c) is not topolog-
ically equivalent to the members of the Lorenz-like family, for the parameter values stated in Proposition 5.4
(Proposition 5.3).
Proof. For these parameter values the gradient part of system (11) possesses a unique and glob-
ally attracting (repelling) singularity at the origin. Hence, the fact that the ﬁxed point link of the
sphere-preserving part is not homeomorphic to the link of ﬁxed points of system (6) ensures the
non-equivalence of the two systems. 
6. Conclusions
In this paper, we have presented results demonstrating that different vector ﬁelds can be topo-
logically classiﬁed by decomposing them into gradient and sphere preserving parts, under certain
well-deﬁned conditions.
The problem of topological equivalence of gradient vector ﬁelds was originally investigated by
René Thom in the 1970s, leading to the formulation of catastrophe theory. Since that time, impor-
tant developments, mainly inspired by the work of V.I. Arnol’d and B.A. Khesin [6], have enabled us
to completely determine the equivalence of germs of gradient ﬁelds, and obtain a complete classi-
ﬁcation for them, at least when they depend on at most 3 parameters. Sphere-preserving ﬂows, on
the other hand, have also attracted attention, see [4,12] for the study of these systems under various
perspectives.
Motivated by these facts, we ﬁrst proved that one can deduce whether two vector ﬁelds are
topologically equivalent or not, by comparing their respective gradient and sphere-preserving parts,
provided that the gradient parts possess a unique ﬁxed point at the origin, which is globally attracting
(repelling).
Based on this result, we were able to classify 2- and 3-dimensional systems, among them the
members of the well-known Lorenz family, at least for the parameter values our method applies.
This suggests that the decomposition of different ﬂows into gradient and sphere-preserving parts
and the subsequent comparison of their respective topological properties offers a useful approach
to the classiﬁcation of different ﬂows, in terms of their dynamical characteristics. As we saw, in di-
mension 3, it offers deﬁnite conclusions on the global equivalences (or not) between vector ﬁelds,
while the procedure on knot theory (see [9]) can be used only to declare the non-equivalence of the
“strange attractors” present in highly dissipative systems.
2262 S. Anastassiou et al. / J. Differential Equations 253 (2012) 2252–2262Since this analysis is independent of the dimension of the phase space, it would be useful to
apply it to higher-dimensional systems of interest and classify them according to the (non-)topological
equivalence of their dynamics.
It would also be useful to study the case where the unique singularity at the origin of the gradi-
ent parts is a saddle. This would probably require further conditions on the behavior of the gradient
part on its invariant manifolds. A result towards this direction would prove useful in the classiﬁca-
tion problem, since it would conﬁrm, for example, that the three members of the Lorenz-like family
studied above belong to the same equivalence class for any choice of their parameters.
We hope to present results on these directions in a future publication.
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